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Abstract
In this note we show that the gaugino condensation of 4d N = 1 supersymmetric gauge
theories in the confining phase can be computed by the localization technique with an
appropriate choice of a supersymmetry generator.
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1 Introduction and Summary
An analytic computations in quantum field theories are usually hopeless except in some
special classes of them. The supersymmetric (SUSY) gauge field theories are in the special
class. The early example of such computations in the SUSY field theories is the Witten
index [1]. Recently, the localization computations in the SUSY field theories on curved
space initiated by Pestun [2] have been investigated intensively, which can be considered
as generalizations of the topological field theories [3] and the Nekrasov partition function
[4]. The localization computations use deformations of the action which do not change the
partition function and some correlation functions and have been generalized to other 4d
manifolds [5]-[7] and also SUSY theories in various dimensions (see, for examples, [8]-[22]).
The other powerful technique to compute exactly some correlators in SUSY gauge theo-
ries is the holomorphy of the “superpotential” (see the review [23]). Indeed, Seiberg found
the exact low energy superpotential of 4d N = 1 SUSY SU(Nc) QCD on R4 [24] by using
the holomorphy of the superpotential written in the superfields and the result of [25]. In
particular, the gaugino condensation, i.e. the v.e.v of the gaugino bi-linear, was exactly
computed for the SUSY QCD with massive chiral multiplets. It was also computed in [26].
This technique was applied to the prepotential of 4d N = 2 SUSY gauge theories by Seiberg
and Witten [27].
One might expect that the localization technique is powerful enough to compute any
exactly computable quantity in SUSY gauge theories. For example, the Seiberg-Witten
prepotential can be reproduced from the Nekrasov partition function. However, the above
mentioned gaugino condensation is an obvious exception for this expectation so far. Indeed,
the localization technique has not been applied to a SUSY gauge theory in the confining
phase nor a computation of a v.e.v. of local operators like the gaugino bi-linear. Thus,
it would be important and interesting to compute the gaugino condensation in 4d N = 1
SUSY SU(Nc) (massive) QCD by the localization technique directly because this will open
up other interesting applications of the technique.
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In this paper, we will show that the gaugino condensation can actually be computed by
the localization technique with an appropriate choice of a SUSY generator. We consider the
theory on S1×R3 and then take the limit to R4 .2 The actual computation for this theory
is almost identical to the one performed by Davies et. al. [31, 32], in which they consider
the small radius limit of S1 and argued that the gaugino condensation in the N = 1 SUSY
Yang-Mills theory is independent of the radius of S1. Furthermore, it was shown in [32]
that the value of the gaugino condensation agrees with the one obtained in [25, 24] using
the holomorphy. Therefore, we reproduce the gaugino condensation using the localization
technique,3 and we hope that the discussions in the paper can be generalized to broader
classes of SUSY gauge theories with only minor changes. Indeed, we believe that we can
apply the arguments in this paper to generic N = 1 SUSY gauge theories and compute the
chiral v.e.v. in the weak coupling limit. This is why we think the results in this paper are
important although the explicit computations in the paper was essentially known as stated
above.
The organization of this paper is as follows: In section 2 we first briefly review the 4d
N = 1 SUSY gauge theory on S1 × S3. Then, we show that by the localization technique
the correlators of the lowest components of the chiral multiplets can be computed semi-
classically around the anti-self-dual configurations. In section 3 we compute the gaugino
condensation for the pure SUSY Yang-Mills on S1 × R3 using the localization technique.
We comment on the inclusion of the chiral multiplets shortly in section 4. In the appendix,
we construct the 4d N = 1 SUSY gauge theory on S4 although the localization technique
is not useful for it.
2 4d N = 1 SUSY Gauge Theory on S1×S3 and Local-
ization
In this section, we will briefly review the 4d N = 1 SUSY gauge theory on S1 × S3 [7,
28, 29, 33]4 and then show that the path-integral for the correlation function of the lowest
components of chiral multiplets can be reduced to the semi-classical computations around
the instantons by adding an appropriate regulator action. Of course, the discussion in this
2 Another simplest one is 4d N = 1 SUSY gauge theory on S4 which we construct explicitly in the
appendix. The computation of gaugino condensation of this theory would be related to the strong coupling
instanton [30] because the instanton in R4 is related to the one in S4. However, the localization technique
can not be applied to this theory, at least naively, as we can see in the appendix. We will also argue that the
direct application of the localization technique to the theory on R4 can not give the weak coupling limit.
3 Precisely speaking, the localization computation can be done for S1 × R3. However, the gaugino
condensation of the theory on R4 can be obtained by the large radius limit. Note that the theory on
S1 ×R3 is three dimensional theory in the IR limit, however, the scale is very small for the large radius.
Thus, at a scale between this scale and the dynamical scale Λ the theory is in a 4d confining phase and the
radius of S1 cab be regarded as an infra-red regulator.
4We will closely follow the notations and conventions in [34].
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section can be applied to the 4d N = 1 SUSY gauge theory on S1 × R3 which is our
main concern. Note that the SUSY theory with gaugino condensation can not be put on
S1 × S3 without spontaneous breaking of the SUSY because of the required continuous
R-symmetry.5 However, there would be some N = 1 SUSY gauge theories on S1×S3 which
can have computable non trivial v.e.v. of the chiral multiplets by the localization technique.
Thus, we will present the discussion in this section for the SUSY gauge theory on S1 × S3.
First, let us remind that the SUSY transformation of the vector multiplet for Euclidian
4d N = 1 SUSY gauge theory on R4 is
δAm =
i
2
(ǫσmλ¯− ǫ¯σ¯mλ),
δλ =
1
2
σmnǫFmn − ǫD,
δλ¯ =
1
2
σ¯mnǫ¯Fmn − ǫ¯D,
δD = − i
2
ǫσmDmλ¯− i
2
ǫ¯σ¯mDmλ, (2.1)
where m = 1, 2, 3, 4, all fields are in the adjoint representation of the gauge group G and
ǫ, ǫ¯ are constant spinors. We have introduced the chiral decomposed Gamma matrix σm:
σa is the Pauli matrix for a = 1, 2, 3 and σ4 = i, and σ¯m = (σm)†. We also defined
σmn =
1
2
(σmσ¯n − σnσ¯m) and σ¯mn = 12(σ¯mσn − σ¯nσm). The spinor indices are raised or
lowered by ǫαβ which has ǫ12 = −ǫ12 = 1.6
It is known [7, 34] that the SUSY transformation (2.1) is consistent with the 4d N = 1
SUSY gauge theory on S1 × S3 if the derivative Dm is defined as follows:
Dm = Dm − iqVm, (2.2)
where Dm is the covariant derivative including the spin connection, for example Dm =
∂m +
1
4
wabmγ
ab for spinors. Here the Vm is an appropriate background field and the q is the
R-charge for which we assigned q(ǫ) = 1, q(ǫ¯) = −1, q(λ) = 1, q(λ¯) = −1. For simplicity,
we will consider the unit 3-sphere and ds2 = dt2 + ds2S3 where 0 ≤ t < 2πR is the periodic
coordinate for S1. Then, the background field is fixed to be
Vmdx
m = − i
2
dt, (2.3)
and the Killing spinors are given by the solutions of the following equations:
Dmǫ = −1
2
σmσ¯4ǫ, Dmǫ¯ = −1
2
σ¯mσ4ǫ¯. (2.4)
5 We thank an editor of a journal for pointing out this point.
6 The normalizations of the σmn, σ¯mn and the fermions are different from the one in the Wess-Bagger’s
text.
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It should be stressed that we regard λ and λ¯ are independent holomorphic fermionic
2-components spinor fields in the 4d Euclidian spacetime. Indeed, these two spinors are fun-
damental representations of the former and the latter SU(2) of SU(2)×SU(2)(= Spin(4)),
thus they can not be related by the complex conjugation. Because any reality condition can
not be imposed on the fundamental representation of SU(2), we regard λ, λ¯ as the formal
holomorphic path-integral variables. The SUSY parameters ǫ and ǫ¯ are also independent
fields.
Usual N = 1 SUSY Yang-Mills action with the theta term
Lg = Tr
[
1
g2
(
1
2
FmnF
mn +D2 + iλ¯σ¯mDmλ
)
+ i
θ
16π2
FF˜
]
, (2.5)
is SUSY invariant on S1 × S3 with the covariant derivative Dm defined by (2.2). We will
also use the complexified coupling constant τ ≡ θ
2π
+ 4πi
g2
.
Now we are applying the localization technique to the theory. In this paper, the local-
ization technique simply means the use of the following identity for the operators satisfying
δOa = 0:
d
dt
〈O1O2 · · ·One−tδ
∫
V 〉 = 0, (2.6)
where δ is a symmetry transformation of the theory and V should satisfies δ2
∫
S3×S1
V = 0.
With this identity we can compute the correlator 〈O1O2 · · ·On〉 with a sufficiently large t
if the real part of δ
∫
S3×S1
V is non-negative.
In order to use the localization technique, we should choose a SUSY transformation δ
and a regulator Lagrangian V . Here the choice of δ means the choice of ǫ and ǫ¯. As in [2],
we simply take the regulator Lagrangian as following:
V = (δλ)†λ+ (δλ¯)†λ¯, (2.7)
where we should define (δλ)† appropriately.
First, let us assume both ǫ and ǫ¯ are nonzero. Then, the bosonic contributions from the
first term is
(δλ)†δλ ∼ F+mnF+mn +D2, (2.8)
where we have used
δλ =
1
2
σmnǫF+mn − ǫD, (2.9)
and F+ (F−) are the anti-self-dual (self-dual) part of the field strength F , respectively. Then,
the saddle points for t→∞ will satisfy F+ = 0 and D = 0. Because the contribution from
the other term in V , i.e. (δλ¯)†δλ¯ ∼ (F−)mn(F−)mn + D2, will give F− = 0, we conclude
that the saddle points satisfy Fmn = 0 and D = 0 where the regulator action is essentially
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the Yang-Mills action. Thus the partition function can be calculated in the weak coupling
limit. This is well-known result. Indeed, with the twist of the boundary condition along
the S1, the partition function on S1 × S3 is the superconformal index [35, 36, 28, 29, 7].
In this paper, we consider another possibility for the localization computation on S1×S3:
We take ǫ¯ 6= 0, but ǫ = 0, which implies δδ = 0. Thus the condition δδ ∫ V = 0 is trivially
satisfied.7 Explicitly, the SUSY transformation is
δAm = − i
2
ǫ¯σ¯mλ,
δλ = 0, δλ¯ =
1
2
σ¯mnǫ¯Fmn − ǫ¯D,
δD = − i
2
ǫ¯σ¯mDmλ, (2.10)
With this δ, we have δλ = 0, thus a correlation function of any gauge invariant combinations
of λ can be computed by the localization technique. The Killing spinor can be taken
explicitly as
ǫ¯ =
1√
2
(
e
i
2
(−χ+φ+θ)
e
i
2
(−χ+φ−θ)
)
, (2.11)
where we use the coordinate system with the metric ds2 = cos2 θdφ2 + sin2 θdχ2 + dθ2.
Taking V as in (2.19), we easily see that
V = F−mnF
−mn +D2 =
1
2
FmnF
mn +
1
2
FmnF˜
mn +D2, (2.12)
where F˜ is the dual of the field strength, and the saddle points equations are F− = 0 and
D = 0, i.e. the instantons (anti-self-dual connections) on S1 × S3.8 Note that this includes
the Yang-Mills action with a pure imaginary θ. This also means that by taking t → ∞
limit the theory is arbitrary weak coupling because only the Yang-Mills action affects the
fluctuations around the instantons. The value of the Lagrangian (2.5) at the saddle points
is 2πiτ × (instanton number) because F = F˜ . It is interesting that there is a coupling
constant dependence in the computation using the localization for the N = 1 SUSY gauge
theory on S1 × S3.
7 However, this means that we can not use the equivariant index theorem for the 1-loop computation
even though the path-integral will be reduce to the semi-classical instanton calculation. The instantons do
not localize to somewhere, for example, north or south poles.
8 This saddle point equations was also noted in a recent paper [33].
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For the chiral multiplets on S1 × S3, the SUSY transformation were given as
δφ = −ǫψ, δψ = iσmǫ¯Dmφ+ 3ir
4
σmDmǫ¯φ+ ǫF,
δφ¯ = +ǫ¯ψ¯, δψ¯ = iσ¯mǫDmφ¯+
3ir
4
σ¯mDmǫφ¯+ ǫ¯F¯ ,
δF = +iǫ¯σ¯mDmψ +
i(3r − 2)
4
Dmǫ¯σ¯
mψ − iǫ¯λ¯ψ,
δF¯ = −iǫσmDmψ¯ − i(3r − 2)
4
Dmǫσ
mψ¯ − iǫψ¯λ. (2.13)
where r is the R-charge of φ. Under the SUSY transformation, the following kinetic term
is invariant:
Lm = Dmφ¯Dmφ+ 1
2
(3r − 2)(D4φ¯φ− φ¯D4φ) + 3r(−3r + 4)
4
φ¯φ− iφ¯Dφ
−iψ¯σ¯mDmψ − i3r − 2
2
ψ¯σ¯4ψ + iψ¯λ¯φ+ iφ¯λψ + F¯F. (2.14)
We can easily see that the usual superpotential terms are the SUSY invariant if the R-charge
is 2.
For ǫ = 0, we have δφ = 0, δF¯ = 0. Thus any gauge invariant combination of the lowest
components of the chiral multiplets is invariant under the SUSY transformation generated
by the δ with ǫ = 0. Now let us consider the following δ-exact Lagrangian:
LW¯ = δ
(
∂W¯ (φ¯)
∂φ¯i
η¯ψ¯i
)
, (2.15)
where η¯ is a Grassmann even spinor defined by
η¯ ≡ U
(
0
1
)
, (2.16)
where
U =
1√
2
(
e
i
2
(−χ+φ+θ) −e− i2 (−χ+φ−θ)
e
i
2
(−χ+φ−θ) e−
i
2
(−χ+φ+θ)
)
, (2.17)
is an SU(2) matrix. Note that ǫ¯ = U
(
1
0
)
and then we have η¯ǫ¯ = 1. This does not seem
to keep the rotational symmetry of S3 because of the presence of η¯, however, this keeps
it. Indeed, we can see that this Lagrangian is the anti-chiral part of the superpotential
W (φ).9 Thus, the correlators we consider do not depend on parameters in the anti-chiral
9 For the fermionic part, we have
∂W¯ (φ¯)
∂φ¯i∂φ¯j
(ǫ¯ψ¯j)(η¯ψ¯i) =
1
2
∂W¯ (φ¯)
∂φ¯i∂φ¯j
(
(ǫ¯ψ¯j)(η¯ψ¯i) + (ǫ¯ψ¯i)(η¯ψ¯j)
) ∼ 1
2
∂W¯ (φ¯)
∂φ¯i∂φ¯j
(ψ¯jψ¯i), (2.18)
where the last equation can be shown by taking ǫ1 = 1, ǫ2 = 0. Thus the LW¯ is the anti-chiral part of the
superpotential.
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superpotential. This can be regarded as a derivation of the holomorphy without using the
superfields.
Now we consider the following regulator Lagrangian:
V = (δψ)†ψ + (δψ¯)†ψ¯, (2.19)
where the Hermite conjugate (†) is defined such that it is positive definite. We have
V ∼ |Dmφ|2 + r2|φ|2 + |F |2, (2.20)
schematically. For a field with r 6= 0, the saddle point is trivial, i.e. φ = 0 and F = 0.
However, in the flat space limit (S1 ×R3), we have
V ∼ |Dmφ|2 + |F |2, (2.21)
and the saddle points are Dmφ = 0 and F = 0. Therefore, in general the v.e.v. of the lowest
components of the chiral multiplets can be computed by semi-classical computations if the
theory are in the confining phase with SUSY.10
As we stated at the beginning of this section, we need to find a SUSY theory with
the non trivial v.e.v. of the chiral multiplets without breaking the SUSY on S1 × S3 in
order to apply the discussion in this section. Furthermore, for an explicit computation of
the correlation functions we need to construct the instantons on S1 × S3. Although it is
important and interesting to perform these explicitly, we leave these problems in future.
Instead, we will consider the N = 1 SUSY gauge theory on S1 ×R3 which is considered as
a small curvature limit of S1 × S3.
3 Gaugino Condensation in SUSY Yang-Mills by the
Localization
In this section, for simplicity, we will consider the N = 1 SUSY Yang-Mills theory with
gauge group G which has a simple Lie algebra of rank r on S1×R3 where the radius of S1
is R. Here we require the periodic boundary conditions along S1 for all fields. The action is
given by (2.5). For this theory, the important correlation function which can be computed
using the localization is the gaugino condensation
〈Tr (λλ)〉, (3.1)
which is known to be non-vanishing due to the strong coupling effects, i.e. the confinement
effects. Indeed, this has been computed exactly for the theory on R4 for the classical groups
in [26, 37, 38, 39] which was also computed using the holomorphy of the superpotential.
10 Note that the regulator term (2.18) is a Kaehler potential and the (2.12) is the anti-chiral super
potential which will not affect the v.e.v. of the lowest components of the chiral multiplets.
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Furthermore, it was also computed by using the R→ 0 limit for any simple gauge group in
[31]. Although R itself is not holomorphic variable, in [31], it was argued that the gaugino
condensation does not depend on R|Λ| because of the holomorphy for the SUSY Yang-Mills
theory and it is only the dimensionless combination the correlator can depend on.
Here, we would like to compute the gaugino condensation by using the localization
technique.11 The computation we will see below is essentially same as the one in [31, 32]
and then the followings will be almost a brief review of [31, 32]. However, we need to
be careful to check that the validity of the computation in R → 0 can be applied to our
computation in t→∞ limit with R fixed finite. We hope that our localization computation
can be generalized to more general ones. In this section, we will use the notation and
convention used in [32].
First, we will add the regulator action, whose bosonic part is −t ∫ ((F−)2 +D2), to the
original SUSY Yang-Mills action in order to compute 〈Tr (λλ)〉. Note that the path-integral
measure is defined at t = 0. Then, taking t → ∞ limit, the path integral localized to the
saddle point configurations which satisfy F− = 0 and D = 0. Here, the 1-loop determinant
around the saddle points may be trivial because we are considering the flat space R3 with
the Euclidian time.12 The saddle points (and every configurations) are characterized by the
Wilson loop along S1, the instanton charge and the magnetic charges. The Wilson loop is
defined by
〈φ〉 = lim
|xµ|→∞
∫ 2πR
0
dx0A0, (3.2)
which should not be path-integrated and considered as a moduli of the vacua because we
consider the theory on S1×R3 which is non-compact for the three directions. Note also that
the instanton number k is not necessary integer because we consider non-compact manifold.
Assuming the generic non-zero Wilson loop, we have the decomposition of gauge group G
to U(1)r which enable us to define the r different magnetic charges. Among the saddle
point configurations, we need the configurations which have precisely two zero modes of the
fermions λ under the anti-self-dual configurations in order to give a non-zero contribution
to the gaugino condensation because it is a bi-linear of the fermions. These configurations
are identified and are called the fundamental monopoles in [31, 32]. These fundamental
11 For the field theory on a non-compact manifold, the weak coupling expansion for the t→∞ limit could
not be valid by the IR effects. Indeed, if we consider the SUSY Yang-Mills on R4 and using the localization
technique, the large t will not mean the weak coupling. The effective dynamical scale determined by t is
very low in the large t limit, however, the effective coupling of the 4d spectrum below this scale is not weak
coupling. On the other hand, we expect that the gauge theory on S1 ×R3 will be weak interacting in the
large t limit. In this case, below the mass scale 1/R there are 3d fields with non-zero v.e.v which breaks the
gauge group to the Abelian group, as we will see later. Thus, in this case we see that the theory is weak
coupling in the large t limit. Note that if we take R→∞, this breaking scale goes to zero.
12 This is not precisely true. As shown in [40, 41], the 1-loop determinant is non-trivial because of the
asymptotic behaviors of the monopoles, however, it only contributes to the Ka¨hler potential. Thus, for the
computation of the gauge condensation, it can be ignored.
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monopoles are usual BPS magnetic monopoles parameterized by i = 1, · · · , r which is
related to the embedding of SU(2) into G, and the KK monopole of [42]. It is known that
the 1-instanton without magnetic charges on S1 ×R3 can be considered as a bound state
of these r + 1 monopoles.
The BPS magnetic monopole has magnetic charge g given by α∗i where αi is a simple
root. The instanton charge k of it is 1
2π
α∗i · 〈φ〉 and then the classical action is
S = −iτα∗i · 〈φ〉. (3.3)
Here α∗ ≡ 2α/(α · α). For the saddle points, the regularized action vanishes by definition,
of course. For the KK monopole, we have g = α∗0, k = 1 +
1
2π
α∗0 · 〈φ〉, and
S = −2πiτ − iτα∗0 · 〈φ〉, (3.4)
where α0 is the lowest root which satisfies
∑r
i=0 k
∗
i α
∗
i = 0 with k
∗
i is the Kac labels.
The two fermionic zero modes are given by the SUSY transformation
λα = σ
mnβ
α ξβFmn → 4π(SF ξ)αα ·H, (3.5)
where the limit means |xµ| → ∞ and SF = σµxµ/(4π|xν |3) is the massless fermion propa-
gator in 3d.
Before computing the correlators, we need to find the quantum vacua of the theory.
Here we will find the quantum vacua and compute the gaugino condensation at t → ∞
limit where the theory is weak coupling. Later, we will consider the original theory at t = 0.
The classical massless fields for the t → ∞ limit should be U(1)r Abelian multiplets
with zero KK momentum of S1, which can be regarded as 3d fields. Because in the t→∞
limit the zero modes and non-zero modes are decoupled each other, we can forget about the
non-zero KK momentum modes. Thus the bosonic part of them are the Wilson loop scalars
φ and dual photon scalars σ, which can be combined to r complex scalars
z = i(τφ + σ). (3.6)
Thus the z are the classical moduli of vacua. By checking the SUSY transformations, we
can see that this z forms the N = 1 chiral multiplets X with a rescaled massless fermions
ψ = 2
5
2π2 R
g2
λ, where we integrated out the auxiliary fieldsD and have considered the on-shell
multiplets. The kinetic terms are given by the original action as
S =
1
8πR2
∫
d3x
1
Imτ
X†X|θθθ¯θ¯, (3.7)
where no potential terms appears.
Now we will compute the scalar potential semi-classically and determine the vacua. Note
that our regularization term is the SUSY Yang-Mills term with the non-zero theta term, thus
it is invariant under all SUSY transformations. Therefore, instead of the scalar potential,
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we will compute the fermion bi-linear terms which are related to the superpotential and the
scalar potential by the SUSY transformation. The fermion bi-linear can be non-zero only
for the fundamental monopole configurations, on which the original action is evaluated to
the following value:
Sj = −2πiτδj0 − α∗j · 〈z〉, (3.8)
for the j-th fundamental monopole. Note that the v.e.v. of the dual photon σ also con-
tributes to it because the additional action i
4π
∫
d3xǫµνρσ∂µFνρ which forces the Bianchi
identity gives the boundary term:
i
2π
∫
S2=∂(R3)
dxµσBµ. (3.9)
The path-integral measure of the zero modes of the j-th monopole is given by∫
dµ(j)mono =
2
(αj)2
µ3R
g2
e−Sj
∫
d3adΩd2ξ, (3.10)
where aµ is the position on R
3, Ω is the U(1) phase and ξ is the Grassmann odd zero modes.
Note that this includes the cut-off scale µ and the gauge coupling g. These two are defined
by the original theory, especially g is defined by the original action because the path-integral
measure is defined at the original action, i.e. t = 0. Using this measure and the asymptotic
form of the fermionic zero modes, we have
〈λα(x)⊗ λβ(0)〉 ∼ 2
6π3µ3R
g2(αj)2
α∗j ⊗ α∗je−Sj
∫
d3aSF (x− a) γα SF (a)βγ, (3.11)
for |x| → ∞. The superpotential which gives the contributions of r + 1 fundamental
monopoles is found to be
W (X) =
2πµ3R
g2
(
r∑
j=1
2
(αj)2
eα
∗
jX +
2
(α0)2
e2πiτ+α
∗
0
X
)
. (3.12)
The vacua can be fixed by dW
dX
= 0 to
X =
r∑
j=1
ajwj, where e
aj =
k∗j (αj)
2e2πiτ
2κ
, (3.13)
and
κc2 = e2πi(c2−1)τ
r∏
j=0
(
k∗j (αj)
2
2
)k∗j
, (3.14)
which has c2 roots corresponding to c2 vacua. Here c2 =
∑r
i=0 k
∗
i is the dual Coxeter number.
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We can compute the gaugino condensation by evaluating the (3.11) by the fermion zero
modes without taking the asymptotic form. More conveniently, we can use the relation〈
Trλ2
16π2
〉
=
1
b0
Λ
∂
∂Λ
〈 1
2πR
W 〉, (3.15)
which can be derived by uplifting the τ to a superfield and Λ is the dynamical scale in the
Pauli-Villars renormalization scheme at 2-loop order,
Λ3 = µ3
1
g2(µ)
exp
2πτ(µ)
c2
, (3.16)
and b0 = 3c2. Using this relation, we finally find〈
Trλ2
16π2
〉
=
Λ3e2πiu/c2∏r
j=0(k
∗
j (αj)
2/2)k
∗
j /2
, (3.17)
which does not depend on R. For example,
〈
Trλ2
16π2
〉
= ±Λ3 for G = SU(2).
Now we will consider the original theory at t = 0. We will denote 〈(· · · )〉t as the
correlator of the original theory, but choosing the vacuum (or the boundary condition at
spatial infinity) as the one of the theory with the regulator action with t. Note that the
vacua of the theory deformed by the regulator action is not need to be the vacua of the
original theory in general. Then, we have
∂
∂t
〈O1 · · ·Ome−t
∫
δV 〉t = lim
∆t→0
1
∆t
(
〈O1 · · ·Ome−t
∫
δV 〉t+∆t − 〈O1 · · ·Ome−t
∫
δV 〉t
)
(3.18)
where we have used 〈δ(O)e−t
∫
δV 〉t = 0. However, this will diverges if the vacuum at
t + ∆t is not the vacuum at t. Now we assume the smoothness of changing the parameter
t.13 Furthermore, we have seen that the moduli space of vacua of the theory at t → ∞ is
discrete. Thus, the vacuum is independent of t, which means that ∂
∂t
〈O1 · · ·Ome−t
∫
δV 〉t = 0.
Therefore, the gaugino condensation (3.17), which is correct value [32], is valid at t = 0, i.e.
the original theory.
4 Including Chiral Multiplets
Let us consider the chiral multiplets. By the regulator action for the vector multiplets, the
effective gauge coupling determined by t can be arbitrary weak. Thus, without introducing
the regulator action for the chiral multiplets, the chiral multiplets can be integrated out first
where the vector multiplets as the background fields. Indeed, for the (massive) SUSY QCD,
13 Although it is expected to be valid from the many examples using the localization technique, this
should be justified. Unfortunately, for general cases, we can not justify it in this paper. In our case here we
know the correct result, thus this assumption will be valid.
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the matters can be integrated out first trivially and the dynamical scale of the resulting
SUSY Yang-Mills theory is computed by the usual way. Then, we can easily see that the
resulting gaugino condensation is correct one.
If there is interaction terms in the superpotential, the effective superpotential after
integrating out the chiral multiplets is non-trivial function of S = 1
32π2
WαW
α. This is the
case for the Dijkgraaf-Vafa conjecture [43]. In order to evaluate the gaugino condensation,
we need to take into account not only the fundamental monopoles, but general anti-self-dual
configurations because of the interactions which are induced by the chiral multiplets. This
would be rather difficult. It could be useful to introduce the regulator action for the chiral
multiplets for this case. We hope to report further progress for this in near future.
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A 4d N = 1 SUSY Gauge Theory on S4
In this appendix, we will explicitly construct the SUSY transformations and the SUSY
invariant actions for 4d N = 1 SUSY gauge theories on S4.14 However, as we will see in
later, it may be impossible to construct a SUSY exact regulator term with a (semi)-positive
definite bosonic part because (δξ)
2 can not be real nor pure imaginary as shown in [44].
First, we will construct N = 1 SUSY theories from the N = 2 SUSY theories on S4,
which are realized by a form given in [20, 6], by a truncation of the fields. The notation in
this section is the one used in [14, 20]. Especially, the indices µ, ν, · · · runs from 1 to 4.
The metric of S4 is taken to be
ds2S4 = ℓ
2(dθ2 + sin2 θds2S3) =
dr2 + r2ds2S3
(1 + r
2
4ℓ2
)2
=
∑
dx2n
(1 + r
2
4ℓ2
)2
, (A.1)
where r2 =
∑4
n=1(x
n)2 and we find ea = fδandx
n with f ≡ (1+ r2
4ℓ2
)−1. We can embed the S4
in R5 as Y 21 + · · ·+ Y 25 = l2. The relation between xn and Y n (n = 1, . . . , 4) is Yn = x
n
1+ r
2
4l2
.
We assume the following Killing Spinor equation:
DµξI = Γµξ˜I . (A.2)
14 For the chiral multiplets, they were already explicitly represented in [19].
12
Using the traceless 2× 2 matrix tJI , which satisfies
(t2) JI =
1
4l2
δ JI , (A.3)
the Killing Spinor equation is solved by
ξI =
1√
1 + r
2
4l2
(
ǫI + x
iΓiΓ5t
J
I ǫJ
)
, (A.4)
where i, j = 1, . . . , 4 which are 4d flat indices and ǫI , ǫ
′
I are constants, and
ξ˜I = t
J
I Γ5ξJ . (A.5)
Therefore, by the SU(2)R transformation, we will choose
15
t JI =
1
2l
(σ1)
J
I . (A.6)
For the N = 2 vector multiplets. the N = 2 SUSY variation of fields on S4 was given
by
δξAm = iǫ
IJξIΓmλJ ,
δξσ = iǫ
IJξIλJ ,
δξλI = −1
2
ΓmnξIFmn + Γ
mξIDmσ + ξJDKIǫ
JK + 2ξ˜Iσ ,
δξDIJ = −i(ξIΓmDmλJ + ξJΓmDmλI) + [σ, ξIλJ + ξJλI ] + 2iξKtIJΓ5λK ,
(A.7)
where m = 1, . . . , 5, A5 is a scalar, Fµ5 = DµA5 and D5(∗) = −i[∗, A5]. Note that the
SU(2)R transformation including t
J
I acts covariantly on the SUSY transformation. It was
shown that the commutator of the two SUSY generators is a sum of a translation (vm),
a gauge transformation (γ + ivmAm), a dilation (ρ), an R-rotation (RIJ) and a Lorentz
rotation (Θab):
[δξ, δη]Am = −ivnFnm +Dmγ ,
[δξ, δη]σ = −ivnDnσ + ρσ ,
[δξ, δη]λI = −ivn∇nλI + i[γ, λI ] + 3
2
ρλI +R
′ J
I λJ +
1
4
ΘabΓabλ
= −ivnDnλI + i[γ, λI ] + 3
2
ρλI +R
J
I λJ +
1
4
ΘabΓabλ ,
[δξ, δη]DIJ = −ivn∇nDIJ + i[γ,DIJ ] + 2ρDIJ +R′ KI DKJ +R′ KJ DIK
= −ivnDnDIJ + i[γ,DIJ ] + 2ρDIJ +R KI DKJ +R KJ DIK , (A.8)
15 In [20, 14], t ∼ σ3 was chosen. Our choice here is more convenient for N = 1 SUSY case.
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where R JI = ǫ
JKRIK and
vm = 2ǫIJξIΓ
mηJ ,
γ = −2iǫIJξIηJσ ,
ρ = −2iǫIJ (ξI η˜J − ηI ξ˜J) = 0 ,
RIJ = 4itIJǫ
KLξKΓ5ηL ,
Θab = −2iǫIJ (ξ˜IΓabηJ − η˜IΓabξJ) . (A.9)
Now let us consider the hypermultiplets, The system of r hypermultiplets consists of
scalars qAI , fermions ψ
A and auxiliary scalars FAI . Here, I = 1, 2 is the SU(2) R-symmetry
index and A = 1, · · · , 2r. The fields obey the reality conditions
(qAI )
∗ = ΩABǫ
IJqBJ , (ψ
Aα)∗ = ΩABCαβψ
Bβ , (FAI )
∗ = ΩABǫ
IJFBJ , (A.10)
where ǫIJ , Cαβ,ΩAB are antisymmetric invariant tensors of SU(2) ≃ Sp(1), Spin(5) ≃ Sp(2)
and the “flavor symmetry” of r free hypermultiplets Sp(r). The coupling to vector multiplets
can be introduced via gauging a subgroup of Sp(r). In the Euclidian signature, we regard the
fields are holomorphic variables, and then we will forget these reality conditions. (Note that
two complex fields with a reality condition have two real components and two holomorphic
fields without conditions also have two components.) To introduce the coupling to gauge
fields and other fields in the vector multiplet, we need first to introduce the covariant
derivative
Dmψ
A ≡ ∂mψA − i(Am)ABψB, etc. (A.11)
Requiring ΩAB to be gauge-invariant, one finds (Am)AB ≡ ΩAC(Am)CB to be symmetric in
the indices A,B.
The N = 2 SUSY transformation was given by
δqI = −2iξIψ,
δψ = ǫIJΓmξIDmqJ + iǫ
IJξIσqJ + 2ǫ
IJ ξ˜IqJ + ǫ
I′J ′ ξˇI′FJ ′,
δFI′ = 2ξˇI′(iΓ
mDmψ + σψ + ǫ
KLλKqL). (A.12)
Here, ξˇI′ is a constant spinor which satisfies
ǫIJξIξJ = ǫ
I′J ′ ξˇI′ ξˇJ ′ , ξI ξˇJ ′ = 0 , ǫ
IJξIΓ
mξJ + ǫ
I′J ′ ξˇI′Γ
mξˇJ ′ = 0 . (A.13)
The square of δ is
δ2qI = iv
mDmqI − iγqI −R JI qJ
δ2ψ = ivmDmψ − iγψ − 1
4
ΘabΓabψ
δ2FI′ = iv
mDmFI′ − iγFI′ +R′ J
′
I′ FJ ′ , (A.14)
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where
vm = ǫIJξIΓ
mξJ ,
γ = −iǫIJξIξJσ ,
RIJ = 2i(ǫ
KLξKΓ
5tIJξL) ,
Θab = −2iǫIJ ξ˜IΓabξJ ,
R′I′J ′ = −2iξˇI′ΓmDmξˇJ ′ , (A.15)
which is consistent with the one for the vectormultiplets.
Now we take a SUSY generator with a Killing spinor which satisfies16
Γ5ǫ1 = ǫ1, Γ5ǫ2 = −ǫ2, (A.16)
which is equivalent to
PǫI = ǫI , (A.17)
where P ≡ Γ5(σ3) JI . Then, we find
Γ5ξ1 = ξ1, Γ5ξ2 = −ξ2, (A.18)
i.e. PξI = ξI .
Because η−ξ+ = 0 for arbitrary chirality + and − spinors, these Killing spinors satisfy
the followings:
ǫIJξIξJ = 0, v
5 = 2ξ1Γ
5ξ2 = −2ξ1ξ2 = 0, RIJ = −4tIJξ1ξ2 = 0. (A.19)
This implies that we can take
ξˇI′ = iξI . (A.20)
For this choice, R′I′J ′ = 0.
For the scalars and vectors, we will define the action of P as
PAµ = Aµ, PD12 = D12,
PA5 = −A5, Pσ = −σ, PD11 = −D11, PD22 = −D22. (A.21)
Then, we find that
[δξ, P ] = 0. (A.22)
This means that, schematically, δξΦ+ = Φ+ + Φ+Φ+ + Φ−Φ− and δξΦ− = Φ− + Φ−Φ+.
16 We can not impose the twisted Majorana condition for these.
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Now, we consider only the P = 1 fields as an N = 1 SUSY fields. The SUSY trans-
formation on the N = 1 SUSY fields are defined just by taking P = −1 fields vanish in
the SUSY transformation of N = 2 SUSY. Thus, the SUSY algebra is obtained by taking
P = −1 fields vanish in the one for N = 2 SUSY, which is consistent.
Explicitly, we find
δξAµ = i(ξ1Γµλ
−
2 − ξ2Γµλ+1 ) ,
δξλ
+
1 = −
1
2
Γµνξ1Fµν + ξ1D12 ,
δξλ
−
2 = −
1
2
Γµνξ2Fµν − ξ2D12 ,
δξD12 = −iξ1ΓµDµλ−2 − iξ2ΓµDµλ+1 ,
(A.23)
where λ+1 = (1 + Γ5)/2 λ1 and λ
−
2 = (1− Γ5)/2 λ2.
If we define D ≡ D12, ξ ≡ ξ1 + ξ2 and λ ≡ λ+1 + λ−2 , we find
δξAµ = −iξΓµΓ5λ,
δξλ = −1
2
ΓµνξFµν + Γ5ξD ,
δξD = −iξΓµDµλ, (A.24)
which is same as the one in flat space except that the vierbein and the connections are the
ones on S4.
For the hypermultiplets, we can take
Γ5ξˇ1 = ξˇ1, Γ5ξˇ2 = −ξˇ2. (A.25)
We will take
ΩAB = iσ2 ⊕ iσ2 ⊕ · · · ⊕ iσ2, (A.26)
and we will change the notation for the index A, for example,
ψA → ψA,i, (A.27)
now the A = 1, . . . , r and i = 1, 2. Then, we define PψA,i ≡ Γ5(−1)i+1ψAi, PqA,iI =
(−1)I+iqA,iI and PFA,iI = −(−1)I+iFA+iI . With this, we can consistently truncate the N = 2
fields to the P = 1 fields, i.e. N = 1 fields, and find
δqA,i = −2iξiψA,i,
δψA,i = −ΓµǫijξjDµqA,i − 1
l
ξiq
A,i + ξˇiF
A,i,
δFA,i = 2ǫij ξˇj(iΓ
µDµψ
A,i − ǫikλkqA,i), (A.28)
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where we have not summed over i and we defined qA,i ≡ qA,ii (no summation for i), FA,i ≡
(−1)i−1FA,i3−i and ψA,i ≡ (1 + (−1)i+1Γ5)/2ψA,i. This form is slightly different from the one
in [19]. For ξˇI′ = iξI , however, if we define
F ′ = F +
i
l
q, (A.29)
we obtain the same form.
We will regard the fields as holomorphic and then forget the reality conditions. Indeed,
we will not encounter any complex conjugate of the fields below.
Below we will try to construct SUSY invariant actions. We will drop the total divergent
terms below for the notational convenience.
The N = 2 SUSY invariant action for vectormultiplets on S4 is
LvectorS4 =
1
2
FmnF
mn −DmσDmσ + iλIΓmDmλI − λI [σ, λI ]
−1
2
(DIJ − 2A5tIJ)(DIJ − 2A5tIJ)− 4tIJtIJ
(
(A5)
2 − σ2)) ,
(A.30)
where ∂5 = 0, which is the usual SUSY Yang-Mills Lagrangian of the vector multiplet used
in [2] with some field redefinitions [20]. This action does not have any terms linear in fields
with P = −1. Thus, the following truncated action is invariant under the N = 1 SUSY:
LvectorS4 =
1
2
FµνF
µν + iλ+1 Γ
µDµλ
−
2 − iλ−2 ΓµDµλ+1 − (D12)2, (A.31)
which take the same form in the flat space.
Now we will consider the hypermultiplets. We have the N = 2 SUSY invariant La-
grangian on S4:
LhyperS4 = ǫIJ(Dµq¯IDµqJ + q¯I(A5)2qJ − q¯Iσ2qJ)− 2(iψ¯ΓµDµψ + ψ¯Γ5A5ψ + ψ¯σψ)
−iq¯ID′IJqJ − 4ǫIJ ψ¯λIqJ − ǫI′J ′F¯I′FJ ′
−8tKLtKLǫIJ q¯IqJ , (A.32)
where, we have introduced the notation ψ¯B ≡ ψAΩAB and suppress the indices A,B, · · · ,
such that
ǫIJΩABDµq
A
I D
µqBJ ≡ ǫIJDµq¯IDµqJ ,
ΩABψ
AΓµ(Aµ)
B
Cψ
C ≡ ψ¯ΓµAµψ , etc. (A.33)
Because this action does not have any term which is linear in the P = −1 fields, the
following action is N = 1 SUSY invariant:
LchiralS4 = 2hABDµqADµqB − 2iΩABψ¯AΓµDµψB
−2ihABqAD12qB − 4hABψA(λAmod 2 q)B − 2hABFAFB − 16tKLtKL hABqAqB ,
(A.34)
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where
hAB ≡ ΩAB(−1)A = σ1 ⊕ σ1 ⊕ · · · ⊕ σ1. (A.35)
We can easily see that the flat space superpotential terms written in F ′ = F + i
l
q is
invariant under the N = 2 SUSY on S4 because the superpotential is gauge invariant and
the F ′ enters in the superpotential at most linearly. Note that the SUSY transformation
is modified only for F ′ except the modification of the metric and connections. The SUSY
transformation ξˇ2ΓµDµψ in F
′ gives an extra contribution Dµξˇ2Γµψ, which indeed cancel
with the one from the modified term in F ′. The theta term is also N = 1 SUSY invariant
because it is a topological term.
Let us consider SUSY invariant operators. Because ξ1 = 0 at x
µ = 0, we find δξλ
+
1 (x
µ =
0) = 0, δξq
A,1(xµ = 0) = 0, and δξF
A,2(xµ = 0) = 0. Similarly we find δξλ
−
2 (x
µ = ∞) = 0,
δξq
A,2(xµ =∞) = 0, and δξFA,1(xµ =∞) = 0.
Note that qA,2 can be considered as (qA,1)†, thus the lowest components of the chiral
superfields inserted at the north pole and the lowest components of the anti-chiral superfields
inserted at the south pole are the SUSY invariants operators. (In the flat case, it is clear
that D¯2(Φ†) ∼ F¯ is a chiral operator because D¯3 = 0.)
Now, we will try to apply the localization technique used in [2] to the N = 1 SUSY
theory on S4. However, as we will see below, it may be impossible to construct a term∫
S4
δV which has a positive definite real part.
First we will try to construct
∫
S4
δV on S4 with a appropriate properties. We take ξI
as Grassmann-even spinors such that δξ is a fermionic transformation. We can easily see
that ξ1ξ1 = 0, which is followed form C
T = −C and ξ1ξ2 = 0 because Γ5ξ1 = ξ1 and
Γ5ξ2 = −ξ2. In order to use the localization technique, we need a regulator Lagrangian δξV
with
∫
S4
(δξ)
2V = 0. The usual choice is a form like V = tr
[
(δξλ)
†λ
]
, where (δξλ)
† should
be defined using the holomorphic fields and ξI . However, if we assume the following form
(ξI)
⋆ = (M IJ +N IJΓ5)CξJ , (A.36)
whereM,N are arbitrary matrices, we find a contradiction. Indeed, the Γ5-chirality requires
thatM,N are diagonal, and we can assume (ξI)
⋆ =MCξI . Then, we find ξI = M
∗C∗(ξI)
∗ =
M∗C∗MCξI = −|M |2ξI , which means ξI = 0. We can use a tensor satisfying LvT = 0,
however, as far as we have checked, there is no localization terms with a positive definite
real part of bosonic terms. These difficulty will be originate from the nonzero complex value
of the vµ = ξIΓ
µξI even if we take ǫ1 = 0.
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